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I analyze the nonlinear Hamiltonian equations of motion for a one-dimensional chain of transverse
magnetic nano-islands, seeking solutions for different types of static domain-walls (DWs) connecting
uniform static states. The system of elongated magnetic islands oriented transverse (y-direction)
to the chain direction (x-direction) experiences an applied magnetic field transverse to the chain.
The macro-spin model includes dipole interactions between islands, their uniaxial and easy-plane
anisotropies, and Oersted energy of the applied field. DWs can form most easily between pairs
of degenerate uniform states, described by their local magnetizations as oblique, y-parallel, and
y-alternating. The DWs between oblique states are well-described with scalar ϕ4 theory. General
DW structures are found via a numerical energy relaxation scheme. At some anisotropy and field
parameters, nearest-neighbor dipole interactions drive antiferromagnetic order inside the DW itself.
The variety of DWs present in the model might be exploited for their sensitivity to parameter
changes in detectors or switching technology.
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I. INTRODUCTION: MULTI-STABLE

MAGNETIC ISLAND CHAINS

Arrays of elongated magnetic elements on a nonmag-
netic substrate such as two-dimensional (2D) artificial
spin ice [1–4] and one-dimensional (1D) dipolar chains
[5–7] can exhibit many interesting features due to the
frustrated competition between geometric anisotropies
and dipolar interactions. Whether 1D or 2D, the possi-
ble uniform and degenerate allowed states with differing
magnetizations can be expected to connect to each other
through domain walls (DWs). While 2D systems have an
enormous variety of designs and allowed states, 1D sys-
tems offer a more direct analysis of a limited number of
uniform states and likely DW configurations. The stud-
ies here concern engineered magnetic islands like those
in spin ice (Permalloy or other media [8]), but along a
1D chain. The results could be applicable more gen-
erally to other 1D chains, such as Fe nanoparticles [9],
nanowire elements [10], or possibly Co2C nanoparticles
[6] and biomineralized magnetosomes [7].

In earlier work a model for a linear chain of elongated
magnetic islands was considered, where the thin islands
are oriented with their longer axes perpendicular to the
chain direction [11, 12]. The chain direction defines an
x-axis and the transverse direction is labeled the y-axis.
The model bears some resemblance to a 1D artificial spin-
ice. Each island has shape anisotropy that tends to make
its magnetic dipole point along the island’s longer axis,
i.e., easy-axis anisotropy of strength K1. This competes,
however, with the dipolar interactions among the dipoles,
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FIG. 1: Part of a system of magnetic islands elongated trans-
verse to the chain, with the dipoles in a uniform oblique
state due to the competition among dipolar energy, shape
anisotropy, and Oersted energy.

of strength D between nearest neighbors, and the system
is frustrated. For strongly elongated islands, the ground
state will consist of the dipoles alternately pointing along
+y and −y, which mimics the ground state in square
lattice artificial spin-ice.

If there is no applied field, the strength of the easy-
axis anisotropy relative to the dipole interactions controls
the allowed uniform states. At very weak anisotropy, 1D
dipolar interactions for any distance dominate and all the
dipoles point along the chain direction, in an x-parallel
state. At intermediate anisotropy, the nearest-neighbor
dipole interactions dominate and the dipoles alternately
point transversely along +y and −y in a y-alternating
state (y-alt for short). At strong anisotropy, the y-alt
states are still the lowest energy states, but it is also
possible for the dipoles to point all along +y or −y in
metastable y-parallel or transverse states.

A transverse magnetic field By can change the states
and affect their stability. The dipoles in an x-parallel
state tilt towards the field direction–they are trans-
formed to oblique states with magnetization pointing at
an oblique angle to the chain direction, as in Fig. 1. A
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transverse magnetic field even helps to stabilize oblique
states for intermediate anisotropy strength, where the x-
parallel states were prohibited for zero magnetic field. At
strong magnetic field, all dipoles will align to the mag-
netic field in a y-parallel or transverse state. Generally
the stability regions for the oblique, y-parallel, and y-alt
states have been mapped out in terms of the parame-
ters K1/D and µBy/D, where µ is the islands’ magnetic
dipole moment [12].

Oblique states are doubly degenerate: their magneti-
zation tilts towards By with either a positive or nega-
tive component along x. The y-alt states are also dou-
bly degenerate: either the even lattice sites or odd lat-
tice sites point towards y, but their energy is unaffected
by the applied field. Then the question arises, what is
the structure of domain walls that certainly must be
possible, connecting these degenerate states? That is,
what is the structure of a DW between the two different
oblique states, or between the two y-alt states? Further,
can there be domain walls even between non-degenerate
states, such as between the minimum energy configura-
tion and a metastable configuration? An example of the
latter would be DW between an oblique state and a y-alt
state, for parameters where they can coexist.

To address these questions, a local energy minimiza-
tion algorithm is used to relax a system into a possibly
smooth DW configuration, starting from initial condi-
tions where the two halves of the chain are in different
uniform states. The energy minimization is accomplished
by iteratively pointing each dipole along the direction of
the effective magnetic field that acts on it. Eventually all
dipoles point parallel to their respective effective fields,
which is a stable situation of zero torque on each dipole.
Such a configuration will be a local energy minimum,
but it should be stable against small fluctuations. Most
of this study includes all of the dipole pair interactions
in the system, denoted as the long-range dipole (LRD)
model. For comparison, it is fruitful to consider a fic-
titious nearest-neighbor (NN) model, limiting dipole in-
teractions to first neighbors. The NN model lends itself
to an approximate analytic solution for DWs connecting
oblique states, and that analysis is partly successful when
extended to the LRD model.

II. THE SYSTEM WITH TRANSVERSELY

ORIENTED MAGNETIC ISLANDS

For single-domain magnetic islands (small enough with
strong internal ferromagnetic exchange), the state of one
island can be approximated as a single magnetic dipole of
fixed magnitude µ, and direction vector Sn (macro-spin
approximation) [13, 14]. A particular dipole is denoted
~µn = µSn, where Sn is a unit macro-spin vector. It will
be convenient to write these spin vectors using planar
spherical angles (φn, θn), where φn is an azimuthal angle
in the xy-plane and θn is the tilting of a spin out of the

xy-plane, i.e.,

Sn = (cos θn cosφn, cos θn sinφn, sin θn). (1)

For classical mechanics, Sz
n = sin θn is the momentum

conjugate to generalized coordinate φn. The islands have
an easy-plane anisotropy that tends to keep their dipoles
in the xy-plane, while shape anisotropy leads to an easy-
axis anisotropy along their longer axes, which are perpen-
dicular to the chain direction. The dipoles also interact
with a magnetic field applied transverse to the chain di-
rection.

A. Hamiltonian with anisotropies, applied field and

dipolar interactions

Pairs of dipoles on a one-dimensional (1D) grid inter-
act via long-range dipolar interactions. It is useful to
define the energy constant for the interaction of nearest-
neighbor (NN) pairs,

D =
µ0µ

2

4π a3
, (2)

where a is the center-to-center spacing between neighbor-
ing islands and µ0 is the magnetic permeability of vac-
uum. The dipole interaction is reduced relative to this by
the cube of the distance r measured in lattice constants,
which is an integer k = r/a. Then the Hamiltonian for
a chain of N dipoles with anisotropies and exposed to a
uniform transverse magnetic field of strength By along
the y-direction is

H =

N
∑

n=1

{

R
∑

k=1

D

k3
[Sn · Sn+k − 3(Sn · x̂)(Sn+k · x̂)]

−K1 (S
y
n)

2
+K3 (S

z
n)

2 − µBySy
n

}

. (3)

Parameters K1 and K3 represent easy-axis and easy-
plane anisotropies. The islands have their longer axes
along the y-direction. Shape anisotropy makes the
dipoles energetically prefer to point along ±y-directions
by energyK1 over the ±x-directions. The islands also are
considered thin in the z-direction, which helps to restrict
their dipoles to stay in the xy-plane by an energetic pref-
erence of K3. The last term is the Oersted interaction of
the dipoles with the transverse applied field By.
An upper limit R is used on the range of the dipolar

interactions. Note that each dipole pair interaction is in-
cluded only once. When R = 1,H reverts to a NN model.
For theory it is useful also to consider R → ∞, which is
referred to as the long-range-dipole (LRD) model. How-
ever, most of the numerical simulations obtain the impor-
tant results with systems of N = 200 islands, in which
effectively R = 200, but with end effects. Obviously the
sum over k is cut off if site n+k falls outside the finite sys-
tem. No attempt is made to eliminate end effects, which
would be expected as real physical effects in experiments.
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In terms of the spin-angles, one gets an alternative
useful expression of the Hamiltonian,

H =

N
∑

n=1

{

R
∑

k=1

D

k3
[

sin θn sin θn+k (4)

+ cos θn cos θn+k(−2 cosφn cosφn+k + sinφn sinφn+k)
]

−K1 cos
2 θn sin

2 φn +K3 sin
2 θn − µBy cos θn sinφn

}

.

For discussion of domain walls, I consider a long enough
system that the ends remain in different nearly uniform
states. Although one may think some special bound-
ary conditions are needed to hold the opposite ends of
the chain in different configurations, that is not required.
The simulations done here have free or open boundary
conditions. There is simply an abrupt end to the system
beyond which no more sites are present. The almost-
uniform configurations outside of the desired domain wall
remain there due to their local energetic stability. They
are either stable (the lowest available uniform state) or
metastable (not the lowest, but a local energy minimum).
In most cases, the two boundary states even have the
same energy per island.

B. Spin Dynamics and Effective Magnetic Fields

I appeal to Hamiltonian spin dynamics to define the
effective magnetic field that acts on each dipole. Suppose
there is a gyromagnetic ratio γe that converts angular
momenta Ln into magnetic dipoles via ~µn = γeLn. Then
the undamped free dynamics of a magnetic dipole system
follows a torque equation (see Ref. [15], Ch. 5),

dLn

dt
=

1

γe

d~µn

dt
= ~µn × Fn, (5)

where the Hamiltonian can be written with effective mag-
netic fields Fn at each site,

H = −
∑

n

~µn · Fn. (6)

Those are seen to be obtained from H by derivative op-
erations for each component, using ~µn = µSn,

Fn = − ∂H

∂~µn
=

−1

µ

(

∂H

∂Sx
n

,
∂H

∂Sy
n
,
∂H

∂Sz
n

)

. (7)

The Hamiltonian (3) produces the following expressions
for the Cartesian components of the effective fields,

F x
n = − 1

µ

R
∑

k=1

−2D

k3
(

Sx
n+k + Sx

n−k

)

,

F y
n = − 1

µ

[

R
∑

k=1

D

k3
(

Sy
n+k + Sy

n−k

)

− 2K1S
y
n − µBy

]

,

F z
n = − 1

µ

[

R
∑

k=1

D

k3
(

Sz
n+k + Sz

n−k

)

+ 2K3S
z
n

]

. (8)

These simple expressions are efficiently evaluated by com-
puter. In a finite chain, the dipolar sums will terminate
at the chain ends, for open-ended boundaries.
For theory, it is better to use angular coordinates, be-

cause there are only two. Transforming the dipoles to
the spherical coordinates in (1), the mechanics is that
where φn are generalized coordinates and sin θn are the
corresponding conjugate momenta. The dynamics obeys
Hamiltonian equations,

µ

γe

d

dt
φn =

∂H

∂ sin θn
,

µ

γe

d

dt
sin θn = − ∂H

∂φn
. (9)

These dynamic equations apply to any situation, regard-
less of the boundary states outside of the domain wall
that is being found. To apply these, it is convenient to
define a rescaled time variable,

τ ≡ γe
µ
t, (10)

and generally use dot on top of a variable to indicate the
derivative, d/dτ .

C. Static configurations from energy minimization

of a discrete chain

For numerical solutions, especially static ones, energy
minimization can be used to get some soliton-like or topo-
logical solutions. I want to find configurations that con-
nect two of the uniform states. Those will set the bound-
ary conditions at x = ±∞. In practice, I initially set
each half of the finite system in one of the two uniform
states, with an abrupt connection between them. Then a
very small amount of randomness was applied to the ini-
tial dipoles to break any perfect symmetry, for checking
the robustness of the final state.
The energy minimization can be done from a physi-

cal standpoint by iteratively setting each dipole to point
along the effective magnetic field Fn caused by the rest
of the system, as given in Eqs. (7) and (8). Then the it-
eration involves scanning through the system and setting
the dipole at site n to align along the direction of Fn,
i.e., a replacement

Sn =
Fn

|Fn|
. (11)

This may indeed overshoot beyond the required solution,
and there may be ways to modify it so the process does
not become unstable or oscillate between some solutions.
Usually this algorithm usually works well and the pro-
cess can be stopped when the relative changes in the Sn

components become less than some desired value (on the
order of 10−8). By then, the energy is not changing.
If the iteration overshoots or oscillates, it can be aug-

mented by adding in a Lifshitz-Gilbert damping field
with parameter α < 1 into the time-derivative of the
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equation of motion. Then Eq. (5) is modified as

dLn

dt
=

1

γe

d~µn

dt
= ~µn × [Fn − α (~µn × Fn)] . (12)

In this case, let the net effective field be

Nn = Fn − α (~µn × Fn) . (13)

Then the iteration proceeds by aligning the dipoles to
this new effective field,

Sn =
Nn

|Nn|
. (14)

Generally, this may change the rate at which the system
moves downhill in total energy, but for this simple 1D
problem it does not seem to affect the final state, unless
there are many different possibilities with similar energies
or with high frustration. I used this procedure with α
from 0.01 to 0.1 to find domain walls easily and quickly.

D. The angular equations of motion on a lattice

For theory it is good to have the dynamic equations (9)
in terms of the spin angles. Finding the needed deriva-
tives with respect to sin θn, the in-plane angle follows

φ̇n =
∂H

∂ sin θn
=

R
∑

k=1

D

k3

[

sin θn−k + sin θn+k (15)

− tan θn cos θn+k(−2 cosφn cosφn+k + sinφn sinφn+k)

− tan θn cos θn−k(−2 cosφn cosφn−k + sinφn sinφn−k)
]

+ 2K1 sin θn sin
2 φn + 2K3 sin θn + µBy tan θn sinφn.

The derivatives of H with respect to φn lead to:

−θ̇n =
1

cos θn

∂H

∂φn
=

R
∑

k=1

D

k3

[

cos θn−k(2 sinφn cosφn−k + cosφn sinφn−k)

+ cos θn+k(2 sinφn cosφn+k + cosφn sinφn+k)
]

−2K1 cos θn sinφn cosφn − µBy cosφn. (16)

In this last equation a global factor of cos θn canceled out.
These equations give the general lattice dynamics. Due
to their complexity, a solution of the time-dependence
likely requires numerics. However, they recover the three
static solutions found previously (x-parallel/oblique, y-
parallel, and y-alternating).

E. Verification of static uniform solutions

It is apparent that φ̇n = 0 results if all θn = 0. There-
fore in a static configuration, the dipoles remain pointing

in the xy-plane. Then for uniform φn = φ, a constant an-
gle, the second equation of motion with θ̇n = 0 becomes
the equilibrium equation,

[

(

6D

R
∑

k=1

1

k3
− 2K1

)

sinφ− µBy
]

cosφ = 0. (17)

This has two solutions. The first is an oblique state

where the factor inside the braces is zero:

sinφ =
µBy/2

3ζRD −K1
, ζR ≡

R
∑

k=1

1

k3
. (18)

The dipoles are near the x-direction but tilted towards y
by angle φ, due to the field. The oblique states are dou-
bly degenerate because φ takes two nonequivalent values.
The other solution type is a y-parallel state, with

cosφ = 0, φ = ±π/2, (19)

where all the dipoles point parallel/antiparallel to the
By-field. The two y-parallel states have different energies
in a field.
Another quasi-uniform state can be found, assuming

an alternating structure for the in-plane angles,

φn = ±(−1)n
π

2
. (20)

The dipoles point either towards or against the field.
Suppose a central site at n has φn ≥ 0, and its neigh-
bors have φn±1 = π − φn. Both sets tilt towards By.

Still using all θn = 0, the dynamic equation for θ̇n gives

[

(

− 2D

R
∑

k=1

1

k3
− 2K1

)

sinφn − µBy
]

cosφn = 0. (21)

Then one solution is indeed the y-alternating state,
with angles as in Eq. (20). There is another possibility,
when the term inside brackets is zero, which gives

sinφn = − µBy/2

ζRD +K1
. (22)

This has a smaller angle than the oblique state, and it
tilts away from the field! Consideration shows that it
is an unstable maximum energy state, of limited impor-
tance. Therefore, the dynamic angular equations are able
to reproduce the three types of uniform states.

III. A CONTINUUM LIMIT?

Before considering numerical simulations, a continuum
limit will be helpful for the interpretation of the DWs
found there. Consider solutions assuming smooth behav-
ior, in a continuum limit theory, where site n is replaced
by position variable x = na and φn, θn are replaced by
φ(x), θ(x). Continuum analysis is needed for the dipolar
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parts. To that end, we make approximate expansions up
to quadratic order in space derivatives around a central
site, for instance,

φn+k → φ(x + ka) ≈ φ(x) + kaφx + 1
2 (ka)

2φxx. (23)

where φx and φxx are the first and second partial space
derivatives. This applies to oblique and y-parallel states,
and not to y-alternating. Do this without linearization
in φ, but only in its derivatives. For example, at a kth
neighbor,

sinφn+k → sin
[

φ+ (ka)φx + 1
2 (ka)

2φxx
]

(24)

≈ sinφ
[

1− 1
2 (ka)

2φ2x
]

+ cosφ
[

(ka)φx + 1
2 (ka)

2φxx
]

.

Terms cubic and higher in derivatives have been dropped.
Primarily this approach can work only if a few neighbors
are included; the continuum limit is incompatible with
accounting for all LRD interactions.

This can be applied to a pair of terms in θn±k from

the φ̇n equation, where the first derivatives cancel out

sin θn−k + sin θn+k

≈ 2
[

1− 1
2 (ka)

2θ2x
]

sin θ + (ka)2θxx cos θ. (25)

Proceeding this way, the time derivatives of φ(x) and
θ(x) can be expressed in times of their space derivatives.

A. Dynamics of in-plane angle φ

With φn → φ(x) and θn → θ(x), the continuum dy-
namic equation for the in-plane angle becomes

φ̇ =

R
∑

k=1

D

k3

{

2
[

1− 1
2 (ka)

2θ2x
]

sin θ + (ka)2θxx cos θ

− tan θ
[

(−2 cos2 φ+ sin2 φ)

×
{[

2− (ka)2(φ2x + θ2x)
]

cos θ − (ka)2θxx sin θ
}

+ 3(sinφ cosφ)(ka)2 [φxx cos θ − 2φxθx sin θ]
]}

+ 2K1 sin θ sin
2 φ+ 2K3 sin θ + µBy tan θ sinφ. (26)

The main caveat here is that the sum of 1
k is not conver-

gent if R → ∞. Yet we expect that a real system would
have a finite and well-defined solution. Taking account
of LRD interactions this way into a continuum limit is
clearly risky. Probably this is a model that will be use-
ful up to a few nearest neighbors. One can see, however,
that a choice θ(x) = 0 completely makes the RHS vanish,

giving a static solution, φ̇ = 0, independent of the actual
x-dependence of φ.

0 0.5 1 1.5 2 2.5 3 3.5 4
K

1
 / D

0

1

2

3

4

5

6

µB
/D

B m
ax

(y
-a

lt)

Bmin(oblique)

y-alt only

oblique & y-alt

y-par & y-alt

oblique only  

B
m

ax (oblique) = B
m

in (y-par)

y-par only
Stability regions 
    for NN-model

A

B

FIG. 2: Regions in the anisotropy-applied field coordinates
(k1, b) where the different uniform states are stable in the
NN model. In relaxation simulations, point A produced the
smooth oblique–oblique DW in Fig. 3; point B produced the
oblique–oblique DW with AFM order in Fig. 7.

B. Dynamics of out-of-plane angle θ

Following a similar procedure, the resulting dynamic
equation for θ̇ becomes

θ̇(x) =

R
∑

k=1

D

k3

{

(−2 sin2 φ+ cos2 φ)(ka)2{φxx cos θ − 2φxθx sin θ}
+ (3 sinφ cosφ)

×
[{

2− (ka)2(φ2x + θ2x)
}

cos θ − (ka)2θxx sin θ
]

}

− 2K1 cos θ sinφ cosφ− µBy cosφ. (27)

Again, the summations of 1
k over long-range are not con-

vergent, and this will only make sense with a few nearest
neighbors. Initially, I will consider the static solutions
that are possible for the NN limit. Then, longer range
interactions will modify that. A starting point is assum-
ing θ = 0, which implies φ̇ = 0, and then use that in con-
junction with θ̇ = 0, which gives a nonlinear equilibrium
equation to be solved under given boundary conditions.

C. Static NN limit

The simplest problem is to seek the static soliton-like
solutions in the NN model, connecting oblique states and
maybe also y-par states. Connections with y-alt states
requires a two-sublattice calculation, not considered here.
If one wants φ̇(x) = 0, it can be seen in Eq. (15) that

even without a continuum approximation or lineariza-
tion, θ ≡ 0 is sufficient:

θ(x) = 0 =⇒ φ̇(x) = 0. Static solutions. (28)
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Then in a static situation, with θ = θ̇ = 0, Eq. (27) gives
a nonlinear differential equation for equilibrium configu-
rations. Using the near-neighbor approximation to the
dipole interactions (range R = 1), it is

(1−3 sin2φ)φxx

+
[

(6− 2k1 − 3φ2x) sinφ− b
]

cosφ = 0. (29)

For simplicity x is now measured in units of the island
spacing, a. That means x is equivalent to island index n,
but I use x to indicate the continuum theory. I also use
reduced anisotropy and field constants, relative to the
dipole coupling strength, defined as

k1 ≡ K1

D
, b ≡ µBy

D
. (30)

One can verify that the equation has two uniform solu-
tions, setting φx = φxx = 0,

sinφ =
b/2

3− k1
or cosφ = 0, (31)

which are the oblique solutions with just NN interac-
tions [compare Eq. (18) with LRD interactions] and the
y-parallel solutions. Enforcing the constraint, | sinφ| ≤ 1,
in the NN model the maximum field strength for which
there are oblique states is

bmax = 2(3− k1). (32)

We see below that b relative to bmax is relevant for deter-
mining DW widths. Fig. 2 shows the stability regions of
the three types of uniform states when this model is lim-
ited to NN interactions, according to the linear stability
analysis in Ref. [12]. Eq. (32) is depicted as a red line in
Fig. 2.

D. Static continuum energy in NN model

The energy required to create a domain-wall is cer-
tainly of major importance. Towards that end, the con-
tinuum limit can be applied to the NN Hamiltonian using
the same procedures as those for the dynamic equations.
Putting θ = 0 throughout the system (dipoles remain
pointing in the xy-plane), the static NN Hamiltonian can
be expressed as

H = D

∫

dx
{

(1 − 3 cos2 φ) +
(

1− 3
2 cos

2 φ
)

φ2x

− k1 sin
2 φ− b sinφ

}

. (33)

An assumption φx → 0 at x = ±∞ was used with in-
tegration by parts to convert a term depending on φxx
into one with φ2x. One can verify that the Euler-Lagrange
equation for minimizing this energy is indeed the equi-
librium equation (29). Later this is used to estimate the
DW energy.

IV. OBLIQUE-TO-OBLIQUE DOMAIN WALLS

IN THE NN MODEL

The oblique states always have a two-fold degeneracy,
corresponding to two opposite values for Sx = cosφ.
From Eqs. (31) and (32), the longitudinal spin compo-
nent in a uniform oblique state can be

Sx = cosφ±oblq = ±

√

1−
(

b

bmax

)2

. (34)

A domain wall will connect from the Sx > 0 state to the
Sx < 0 state. The change in the angle φ will be greatest
(180◦) for the case of zero field, b = 0. At the opposite
extreme, if the field is near the maximum allowed for an
oblique state, the change in φ will be very small, and per-
haps the domain wall is hardly noticeable. For example,
changing from φ+oblq = 85◦ with Sx > 0 to φ−oblq = 95◦

with Sx < 0. If b = 0, the dipoles may also rotate ei-
ther clockwise or counterclockwise while moving down
the chain towards increasing x. But if b > 0, one expects
that only a rotation where the dipoles tilt towards the
field direction will tend to be stable.

A. Analytic solution for oblique–oblique DWs, NN

model

Via numerical relaxation simulations, below, I noticed
that oblique–oblique DWs do exist and have a soliton
shape φ(x) reminiscent of those with a hyperbolic tan-
gent dependence on x, such as that in Fig. 3. The func-
tion φ(x) is symmetric around the point φ = π/2, with
φ being either above or below π/2 by a small amount
when the applied field b is near its maximum bmax for
stable oblique states. Further, the width of the obtained
DWs grows larger as b approaches bmax, and the dipole
configuration becomes much better approximated as a
continuous function. This led me to consider this regime
as a limiting case and solve the problem with a new vari-
able, ψ, that is better for expansion. The new variable
must be the deviation of φ from π/2, i.e., define

φ =
π

2
+ ψ =⇒ ψ ≡ φ− π

2
. (35)

The oblique state with Sx > 0 has ψ < 0 and the oblique
state with Sx < 0 has ψ > 0. The NN continuum equa-
tion (29) is not linearized in φ, but only assumes smooth
derivatives. Using sinφ = cosψ and cosφ = − sinψ, it
can be converted to the equivalent equilibrium equation
for ψ,

(−2+3 sin2 ψ)ψxx−(bmax−3ψ2
x) cosψ sinψ+b sinψ = 0.

(36)
One can check that it reproduces the uniform oblique
states, using ψx = ψxx = 0, which gives

sinφ = cosψ =
b

bmax
. (37)
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FIG. 3: For the NN model with parameters at point A in
Fig. 2, a DW between oblique states and the fitting of the
tangent line at its center. This is a case where the maximum
magnetic field for oblique states is bmax = 4.20 . The width is
w = 2h where h = 6.5 is the half-width, measured in units of
the island spacing, a. The ϕ4 theory, Eq. (60), gives h = 6.32
for this situation.

If one does consider ψ ≪ 1, this leads to its approximate
values in the oblique states,

1− 1
2ψ

2 ≈ b
bmax

=⇒ ψ ≈ ±
√

2(bmax−b)
bmax

. (38)

This clearly shows that ψ becomes small in the limit b→
bmax, suggesting that expansion in ψ can be of value also
for DW solutions.

1. Expansion into a ϕ4 problem

For b close enough to bmax, expansion in ψ ≪ 1 should
be reliable. I will start from the NN continuum energy
density u in units of D, obtained from (33) and expressed
in terms of ψ:

u =− 2 +
(

1− 3
2 sin

2 ψ
)

ψ2
x

+ [(3 − k1) cosψ − b] cosψ. (39)

Now I keep terms up to quartic order of smallness, where
ψ is first order, ψx is second order, and so on. That
means that (sin2ψ)ψ2

x is already sixth order and can be
dropped. Using up to quadratic terms in the expansions
of cosine, we have

u ≈ −2 + ψ2
x +

[

(3− k1)(1− 1
2ψ

2)− b
]

(1 − 1
2ψ

2). (40)

Collecting terms, we can write this compactly as

u ≈ uy-par + ψ2
x −Aψ2 + 1

2Bψ
4, (41)

where uy-par is the energy density in a y-parallel state
(ψ = ψx = 0, dipoles aligned with By),

uy-par = −2 + 1
2bmax − b (42)

and the constants are

A ≡ 1
2 (bmax − b) , B ≡ 1

4bmax. (43)

In Eq. (41), u is the energy density of a ϕ4 model (for
variable ψ), a classical scalar field theory containing an
elastic-like energy (ψ2

x) combined with a double-well po-
tential, see Ref. [16] for an introductory description. This
case does not contain a kinetic energy term like ψ2

τ be-
cause only the static solutions are considered. The two
minima of the potential at ψ = ±

√

A/B represent the
two oblique states with opposite x-components of mag-
netization, compare Eq. (38). The constant, uy-par, is
the background energy density per site for all the dipoles
pointing in the y-direction.

2. Cubic order equilibrium equation and its kinks

The ϕ4 equilibrium equation can be obtained from Eq.
(36) consistently with the energy density in (41) by using
the quadratic expansion of cosψ together with the linear
expansion of sinψ, limiting to cubic terms, resulting in

−2ψxx − bmax(1− 1
2ψ

2)ψ + bψ ≈ 0. (44)

This can be expressed as

−2ψxx + (b− bmax)ψ + 1
2bmaxψ

3 ≈ 0. (45)

I will refer to Eq. (45) as the ϕ4 equilibrium equation
and ϕ4 theory for this magnetic problem. It can be veri-
fied from the Euler-Lagrange minimization of the energy
density u in (41), or its functional derivative,

∂u

∂ψ
− d

dx

(

∂u

∂ψx

)

= 0, (46)

which produces a simple form in terms of the previously
defined constants A and B,

−ψxx +Aψ +Bψ3 = 0. (47)

This is the simplest consistent and nontrivial expansion.
The next higher approximation (up to quartic order in ψ
for cosψ in u) would produce up to seventh-order terms
in the equilibrium equation, which will not be tractable.
Eq. (47) has static soliton solutions, commonly referred

to as kinks, that represent domain-walls. When centered
at x = 0, a static kink is

ψ = C tanhβx, (48)

where amplitude C and inverse length β are to be deter-
mined. Taking its space derivatives, one has

ψx = Cβ sech2βx,

ψxx = −2Cβ2 sech2βx tanhβx. (49)
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Using these in Eqs. (47) leads to two constraints that
determine the constants,

BC2 = A =⇒ C =
√

A
B =

√

2(bmax−b)
bmax

, (50)

2β2 = A =⇒ β =
√

A
2 = 1

2

√

bmax − b. (51)

C is indeed the amplitude needed to match to the uniform
oblique states at x = ±∞, Eq. (38). β determines the
DW width.

3. DW creation energy, NN ϕ4 model

Based on the continuum Hamiltonian (33) approxi-
mated with the ϕ4 energy density in Eq. (41), the energy
needed to create a DW between two equal-energy oblique
states can be estimated. Using the kink solution in the
ϕ4 energy density of Eq. (41), it becomes

u = uy-par − 1
2AC

2 +AC2 sech4βx, (52)

where

AC2 =
(bmax − b)

2

bmax
. (53)

The net background constant is found to be the energy
density of an oblique state,

uy-par − 1
2AC

2 = uoblq = −2− b2

2bmax
. (54)

Then, the energy above the oblique background is the
creation energy of a DW between oblique states. Stated
otherwise, the creation energy is the difference in energy
of the system with a DW present, minus the energy of
the system with a uniform oblique state present. For the
DW creation energy, the integration of sech4βx over all
x produces

∫ ∞

−∞

sech4βx dx =
4

3β
. (55)

Then the resulting DW creation energy in units of D is
obtained only from this part of u,

EDW

D
= AC2

∫ ∞

−∞

sech4βx dx

=
4
√
2

3

A3/2

B
=

8

3

(bmax − b)3/2

bmax
. (56)

This correctly predicts a vanishing creation energy when
b reaches bmax, where oblique becomes a y-par state. The
expected 3/2 power law will be checked below for the
DWs obtained from relaxation simulations.
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n
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φ
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b=4.0
b=4.15

DWs between oblique states
k

1
=0.90, b

max
=4.20, NN model

Lines are fitted-width curves.
Symbols are relaxation simulations. 

FIG. 4: For the NN model, DWs between oblique states for
a low value of anisotropy, k1 = 0.90, for a range of transverse
applied field b. Points are the relaxation simulation; curves
are the ϕ4 theory using fitted widths. The system size is
N = 200, and the view is zoomed into the center where the
DW is. There is an obvious trend in the DW width as b

approaches the maximum, where the system will go into a
y-par state.

B. Analytic and geometric definitions of the DW

width

The simplest definition for width is just the inverse
of β, but it will be good to relate it to the graphs of
numerical results. I did a fitting of a width parameter
by finding the intersection of the tangent line at the DW
center with the constant line at the asymptotic value of φ
or equivalently, ψ. See examples of the tangent line and
constant lines in Fig. 3. The slope of the central tangent
line is

ψx(0) = φx(0) = Cβ. (57)

The tangent line through the DW center is defined by

y(x) = ψx(0)x = Cβx. (58)

It intersects the constant asymptotic value, ψ(∞) = C,
at a half-width h. That gives easily and not surprisingly,

y(h) = Cβh = C =⇒ h = half-width = β−1. (59)

The half-width obtained from the tangent line intersec-
tion is an estimate of the parameter β−1, I also define the
full width as w = 2h. Then the half-width fitted from
simulations can be compared with the analytic prediction
from the ϕ4 equation,

h = β−1 =
2√

bmax − b
. (60)

It predicts a divergence of the DW width as one moves
from the oblique states into the region where only y-
parallel states are possible.
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FIG. 5: For the NN model, DW half-widths between oblique
states for a low value of anisotropy, k1 = 0.90, as a function
of transverse applied field b. Points are relaxation simulation
data while the curves are the ϕ4 theory, Eq. (60). The insert
shows a linear dependence of β2 = h−2 on b until b reaches
bmax.

C. Relaxation simulations of oblique-oblique DWs,

NN model

Relaxation simulations as described in Sec. II C were
performed for the NN model, putting R = 1 in the
dipole sums, for tests of the ϕ4 theory. I used systems
mostly with N = 200 islands, except for cases with b
close to bmax where the DW width required a larger sys-
tems (N = 500). Oblique-oblique DWs are reliably re-
producible if anisotropy k1 is small and the applied field
is approaching its maximum value for oblique states. The
easy-plane anisotropy parameter k3 was set to zero. Any
positive value of k1 already imposes its own effective easy-
plane tendency that results in θ = 0 for the static con-
figurations.

1. DW configurations

An example was shown in Fig. 3 for k1 = 0.90, where
half the system was started in one oblique state and half
the system was in the other oblique state. The plot shows
the result after relaxation over several thousand itera-
tions, for an open-ended system. A DW forms to match
the two regions, as expected. There is also a half-DW
at each end of the open-ended chain, apparently due to
the missing dipole interactions at the ends. The example
shown has b very close to bmax, which gives a significant
width w = 2h=13, as found from the fitting lines. This
type of result appears for b ≥ 2.0 . For weaker b more
complex nonuniform configurations result that exhibit al-
ternating dipoles, see below for examples.
For k1 = 0.90, the trends in the DW for varying b

are shown in Fig. 4. It becomes obvious that the width
increases as b approaches close to its maximum value,
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b
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0.5
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E
D
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 / 

D

Relaxation simulation
ϕ4 theory

Oblique-oblique DW creation energies
k

1
= 0.90, bmax= 4.20, NN model

FIG. 6: For the NN model, DW creation energy between
oblique states for a low value of anisotropy, k1 = 0.90, as a
function of transverse applied field b. Points are relaxation
simulation data while the curves are the ϕ4 theory, Eq. (56).
The simulated creation energy is the difference in energies of
the system with a DW present minus the system in a relaxed
oblique state.

while the amplitude of the structure reduces. It is clear
that the continuum approach becomes more reliable as
b → bmax. The fitted ϕ4 theory curves (using the fit-
ted widths h) follow the relaxation data very well for the
higher values of b. For smaller field b, the fitted ϕ4 the-
ory curves deviate from the relaxation simulation data
at the shoulders of the DW. In those cases, however, the
widths are very small (h ∼ 1) and one cannot expect the
continuum theory to hold well.

2. DW half-widths and creation energies

The results for the fitted half-widths are shown in Fig.
5, where points are the relaxation simulation data and
the curves are from the ϕ4 theoretical expression, Eq.
(60), without any fitting parameters. The data follow
the theoretical curve extremely well. The insert shows
a different view of the relationship. These data confirm
that the approximations used to get the ϕ4 theory are
valid and reliable. The changing structures also indicate
what can happen to the oblique states with increasing
applied field, as the system will transition into a global
y-par state.
The ϕ4 theory creation energy is compared with the

relaxation results in Fig. 6. The theory works very well
for b close to bmax. Further out, the theoretical DW en-
ergy is somewhat higher than the simulations. It implies
that the relaxation is able to achieve a slight deformation
away from the approximate ϕ4 shape, and that advan-
tageous deformation lowers the energy. It confirms that
the ϕ4 theory is good for describing the DWs when there
are only NN interactions.
In a later section, the NN continuum approximation
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FIG. 7: Example from relaxation simulations with a weak
applied field that can hold a DW with AFM order between
two oblique states (parameters at point B in Fig. 2). Note
the dashed line at φ = −182.7◦ (physically the same as φ =
177.3◦) suggests the continuation of the oblique state at odd
sites. The DW creation energy is EDW = 1.176D.

is modified somewhat to roughly describe the oblique-
oblique DWs for the LRD model. Next, another type of
DW is described for the NN model.

D. Oblique–oblique DWs with antiferromagnetic

order in the NN model

One can note the reason why b < 2.0 was not used
above for the oblique-oblique DWs. If the field is too
small, antiferromagnetic (AFM) ordering creeps in, es-
pecially at the chain ends. But it can also affect the DW
structure, that then does not stay as a smooth tanhβx
form. Rather, there are two smooth curves on each sub-
lattice of even or odd sites. It is hinted at in the shoul-
ders of the DWs in Fig. 4 for small b. This is because
NN dipole interactions tend to make neighboring dipoles
acquire AFM order.
An interesting example of the AFM ordering is shown

in Fig. 7 for k1 = 0.90 and a very weak but nonzero field.
Oblique states are the only stable uniform states for these
parameters. Here the two oblique states are linked via a
DW itself with AFM order! Also, the even and odd site
dipoles rotate in opposite directions in going from one
oblique state to the other. Such a nonuniform state can
be metastable, and likely owes its stability to the dipole
interactions. The NN dipolar effects drive the AFM or-
dering of neighboring islands, and the applied field is too
weak to counteract that phenomenon. The DW creation
energy in this configuration is EDW = 1.176D, which
is small compared to the ϕ4 prediction from Eq. (56),
EDW = 5.079D, if AFM order were not present in the
DW.
Another example is shown for b = 0 in Fig. 8. There

is a DW with AFM order connecting the two oblique
states, that are really x-parallel states with Sx = +1
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(x-par, Sx=+1)

(x-par, Sx=-1)
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  on odd/even sites

(x-par, Sx=-1)

FIG. 8: Example from relaxation simulations with b = 0 ap-
plied field that can hold a DW with AFM order between the
two x-par states. Note that φ = +180◦ and φ = −180◦ are
physically equivalent x-par states. The DW creation energy
is EDW = 1.145D.

on the left side and Sx = −1 on the right side. Note
that the angles ±180◦ measured from the +x-axis are the
same direction, towards −x. If there is any AFM order
modulating these oblique states, it is of extremely small
amplitude. The DW creation energy is EDW = 1.145D,
also small compared to the ϕ4 prediction from Eq. (56),
EDW = 5.465D, without AFM order.
These examples indicate that AFM ordering is a phys-

ical exhibition of the NN dipolar interactions. While
AFM order is being established, the 2nd NN dipole in-
teractions (not in these examples) would tend to oppose
the site-to-site AFM order, but with 1/8 the strength of
NN interactions. Then, a system with LRD may behave
somewhat differently. Next the DWs in the LRD model
are explored.

V. RELAXATION SIMULATIONS OF DWS IN

THE LRD MODEL

Eq. (29) fairly accurately describes the NN model,
and further, Eq. (45) even includes enough nonlinear-
ity to accurately describe the oblique–oblique DWs. To
be realistic, however, the LRD interactions must be in-
cluded. Following below are numerical results for systems
of N = 200 islands while including all the LRD interac-
tions, by choosing the upper limit of the dipole sums as
R = N for an open-ended system, From linear stabil-
ity analysis in Ref. [12], the stability regions of the three
types of uniform states in the LRD model are shown in
the (k1, b) plane in Fig. 9.

A. Oblique–oblique DWs in the LRD model

For oblique DWs with k1 = 1.40, the results are sim-
ilar to those for the NN model with k1 = 0.90, because
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FIG. 9: Anisotropy-applied field coordinates (k1, b) where the
uniform states are stable in the LRD model, from Ref. [12]. In
relaxation simulations, point A produced the smooth oblique–
oblique DW in Fig. 10, point B produced the oblique–oblique
DW with AFM order in Fig. 12, point C produced the y-alt–
y-alt DWs in Figs. 16 and 17, and points D and E correspond
to the oblique–y-alt DWs in Figs. 19 and 20.

it is below but near the maximum k1 for only oblique
stable states at zero field. A general example of a fit for
the half-width h in terms of the tanh(x/h) function, is
given for field b = 4.3 in Fig. 10. The maximum field is
bmax = 4.412 for oblique states at this anisotropy; they go
over to y-par beyond that. Note that fitting line matches
the slope at the center of the DW. The amplitude is al-
ready determined by the angle φ in the two oblique states,
symmetrically displaced about 90◦. If the NN ϕ4 theory
of Eq (60) is tried, it gives for the half-width,

h =
2√

bmax − b
=

2√
4.412− 4.3

= 5.98 (61)

but the fitted half-width is h = 11.5, about twice as large.
We can sketch physically why this is so. If neighbor-
ing dipoles are nearly aligned and perpendicular to the
chain direction in the DW center, it raises the dipole en-
ergy, compared to the dipoles in a uniform oblique state.
The dipoles in the DW center tilt towards the b-field;
that energy is lowered if the width is larger. Includ-
ing LRD interactions raises the dipole energy more than
with just NN interactions. Then, with LRD interactions,
the raised dipole energy can be compensated with more
(negative) b-field energy if the DW becomes wider. Re-
gardless of the exact process, the DW creation energy is
EDW = 0.0477D, quite small because b is very close to
bmax, but larger than the NN ϕ4 theory, EDW = 0.0226D,
Eq. (56).

1. DW shapes

As for the NN model, the shape of the DWs is not ex-
actly of the form tanh(x/h). For k1 = 1.40, a set of the
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FIG. 10: For the LRD model at point A in Fig. 9, a DW
between oblique states and the fitting of the tangent line at
its center. This is a case where the maximum magnetic field
for oblique states is bmax = 4.412 . The width is w = 2h
where h = 11.5 is the half-width. The ϕ4 theory for the NN
model, Eq. (60), gives h ≈ 6 for this situation.
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FIG. 11: For the LRD model, DWs between oblique states
for a value of anisotropy, k1 = 1.40, for a range of transverse
applied field b. Points are the relaxation simulation; curves
are the ϕ4 expression (66) using fitted widths. The view is
zoomed into the center where the DW is, for systems with 200
to 500 islands. As b approaches the maximum bmax = 4.412,
the system will go into a y-par state.

DWs is shown in Fig. 11, for a range of different field b.
The fitted curves have the needed slope at DW center,
but do not follow the DW shoulders very well, especially
for the narrowest DWs. Perhaps that is simply a break-
down of the continuum limit there. Otherwise, the theory
actually works well, although it needs a prediction for the
half-width.

2. Weak field

A similar test is to use a field quite less than b = 2,
where AFM tendencies are apparent. An example is
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FIG. 12: For the LRD model with parameters at point B in
Fig. 9, a DW with AFM local order connects the two oblique
states. The creation energy is EDW = 2.081D.

shown in Fig. 12 for k1 = 1.40 and b = 0.20, includ-
ing LRD interactions. The DW with AFM order seems
to be very stable, even though the (k1, b) parameters are
outside the stability range of a uniform AFM state such
as y-alt. Of course, it is important to point out that the
alternation inside the DW is not a y-alt state, clearly
since it is not uniform nor with angles at ±90◦. The
creation energy is EDW = 2.081D.

3. Zero field

With the field turned off (b = 0), there can likely be
some different outcomes. This is because of the tendency
for NN dipole interactions to cause the dipoles to go to
an AFM configuration. As seen earlier, this occurs more
easily inside a DW, or near the ends of the island chain.
An example including LRD interactions is shown in Fig.
13. On the left is one oblique state (x-par with φ = 0),
connected through an AFM-ordered DW region to the
opposite oblique state (x-par with φ = −180◦, physi-
cally equivalent to φ = +180◦). I did many simulations
with different initial states. As long as there are differ-
ent starting angles in the two sides of the system, it re-
laxes into this configuration, with a DW creation energy
EDW = 2.038D.

4. Half-widths

We can summarize the DW half-widths while includ-
ing LRD interactions for k1 = 1.40 . The simulation data
are shown as points in Fig. 14. There is a fast increase
in width as b approaches its maximum value for oblique
DWs, similar to the curve for the NN model. However,
the general sizes of the widths are larger here. The in-
verse square half-width has close to a linear relation with
b, however, it is slightly curved as b approaches bmax. The
inset shows h−2, which is somewhat close to linear in b.
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FIG. 13: For the LRD model with b = 0, a DW with AFM
local order connects the two x-par states (i.e., oblique states
with φ = 0, 180◦) for k1 = 1.40. Note that φ = −180◦ and
φ = +180◦ are physically equivalent to the same x-par state.
The creation energy is EDW = 2.038D.

The curves drawn in Fig. 14 are from a modification of
the ϕ4 theory that was used for the NN model, discussed
in the section that follows.

B. ϕ4 theory for oblique–oblique DWs in the LRD

model

Now consider adding further neighbors to the NN the-
ory. Go back to the expression (27) for θ̇, but supposing
that more than just NN interactions are included. As-
suming a static situation with θ = 0, φ = π

2 + ψ, and

using approximations cosφ ≈ −ψ and sinφ ≈ 1 − 1
2ψ

2,
one has

R
∑

k=1

D

k3

[

(−2 + 3ψ2)k2ψxx − 3ψ
(

1− 1
2ψ

2
) {

2− k2ψ2
x

}

]

+ 2K1ψ
(

1− 1
2ψ

2
)

+ µByψ ≈ 0. (62)

Length is measured in units of a and R is an upper limit
for the sums. There is a sum over 1/k3, which is con-
vergent for R → ∞, and a sum over 1/k, which diverges
for R → ∞, but exceedingly slowly as R increases. The
divergence indicates an inconsistency between Taylor ex-
pansion and incorporation of long-range interactions. For
a finite chain, and much narrower DW, the sums would
at minimum need to be truncated at half the system size
or possibly the DW width. For most locations x, the of-
fending dipole term −

∑

k(2D/k)ψxx is close to zero due
to ψxx being small, except at the shoulders of a DW. The
other offending dipole term −

∑

k(3D/k)ψψ
2
x is of even

higher order of smallness and can be dropped.
To make progress, the sum of 1/k is truncated at a

small value of k. Let the sums for a finite system be

ζ1 =

R
∑

k=1

1

k
, ζ3 =

∞
∑

k=1

1

k3
. (63)



13

1.5 2 2.5 3 3.5 4 4.5
b

0

10

20

30

40

h

1.5 2 2.5 3 3.5 4 4.5
b

0

0.1

0.2

0.3

h
-2

Relaxation simulation
ϕ4 theory, ζ

1
=3.10

oblique-oblique DWs, k
1
=1.40, b

max
=4.412, LRD model

FIG. 14: For the LRD model with k1 = 1.40, a comparison
of the oblique-oblique DW half-widths from relaxation simu-
lations with those from the ϕ4 approximate theory, Eq. (68).
The maximum magnetic field bmax = 4.412 for oblique states
is shown by a dotted vertical line. While the LRD value
ζ3 = 1.2020... was used, the other sum parameter was set us-
ing 12 neighbors, ζ1 =

∑
12

k=1

1

k
≈ 3.10, which fits the limiting

values as b → bmax, but less-so for small b where the DWs are
very narrow.

Now I keep ψxx as 3rd order but drop the higher order
terms, such as ψ2

x. The result is very similar to the NN
ϕ4 equation (45), but with added constants ζ1, ζ3,

−2ζ1ψxx + (b− bmax)ψ + 1
2bmaxψ

3 = 0, (64)

where the limiting field for oblique states is now

bmax = 2(3ζ3 − k1). (65)

This is the extension of the ϕ4 theory to the LRD model.
The sum ζ1 produces a rescaling of the DW width. It

implies that the hyperbolic tangent solution works here
for oblique–oblique DWs,

ψ = C tanhβx, (66)

Eq. (64) is satisfied and gives a soliton solution for the
constant values being

C =

√

2(bmax − b)

bmax
, β =

√

bmax − b

4ζ1
. (67)

That gives the half-width,

h = β−1 =

√

4ζ1
bmax − b

. (68)

As ζ1 is not exactly defined, the width has some uncer-
tainty. But the amplitude of this DW state is correct, as
it connects exactly to the oblique states’ angles. which
do not depend on ζ1.
The energy can be estimated, starting from a contin-

uum expansion of the Hamiltonian in Eq. (4). The di-
mensionless energy density u for static configurations,
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Relaxation simulation
ϕ4 theory, ζ

1
=3.10

Oblique-oblique DW creation energies
k

1
= 1.40, bmax= 4.412, LRD model

FIG. 15: For the LRD model, DW creation energy between
oblique states for anisotropy k1 = 1.40, as a function of trans-
verse applied field b. Points are relaxation simulation data
while the curves are the approximate ϕ4 theory result, Eq.
(72), using ζ1 =

∑
12

k=1

1

k
≈ 3.10 . The simulated DW cre-

ation energy is the difference in energies of the system with a
DW present minus that in a relaxed oblique state.

with approximate accounting of LRD interactions, is

u =
R
∑

k=1

1

k3
[

(1− 3 cos2 φ)
(

1− 1
2k

2φ2x
)

+ 3
2 (sinφ cosφ) k

2φxx
]

− k1 sin
2 φ− b sinφ. (69)

Noting that sums ζ1 and ζ3 appear, doing an integration
by parts for the total energy, and changing to the variable
ψ leads to the equivalent energy density [compare (39)],

u =− 2ζ3 + ζ1(1− 3
2 sin

2 ψ)ψ2
x

+ [(3ζ3 − k1) cosψ − b] cosψ. (70)

Now use the quadratic approximation for cosψ, and drop
anything over quartic order of smallness, which leads to
a ϕ4 energy density,

u ≈ uy-par + ζ1ψ
2
x −Aψ2 + 1

2Bψ
4, (71)

where uy-par, A, and B are as defined in Sec. IVA 1.
Then, the calculation of the DW creation energy is only
slightly modified from that for the NN model by the pres-
ence of ζ1 and ζ3, and the result is

EDW

D
=

∫ +∞

−∞

AC2 sech4βx dx =
8
√
ζ1
3

(bmax − b)3/2

bmax
.

(72)

The sum ζ1 appears as a length rescaling that raises the
energy, while ζ3 only increases bmax, both relative to that
for the NN model.
To give some idea whether this works, the half-width

can be compared for the simulations versus the ϕ4 the-
ory, as in Fig. 14. A similar comparison is exhibited in
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Fig. 15 for the DW creation energy. I used the infinite
sum for ζ3 = 1.2020..., but twelve terms in ζ1 ≈ 3.10.
This choice makes a good fit to the energy especially
as b → bmax, while overestimating the energy otherwise.
This choice also fits the width well as b→ bmax where the
continuum approach is most reliable. Then, the ϕ4 the-
ory slightly overestimates h for b farther from bmax. Also,
the simulation data for h−2(b) is a curve, while the ϕ4

theory with fixed ζ1 can only give a straight line. Having
the ϕ4 theory slightly overestimate the creation energy
is assumed, because the DW in the relaxation scheme
can make slight changes relative to the approximate ϕ4

shape to gain an energetic advantage. This theory might
be improved by a self-consistent calculation of the ψ-field
together with an effective finite-range dipolar field that
is a simple function related to the DW profile.

C. DWs connecting y-alt to y-alt states in the LRD

model

It is interesting to consider (k1, b) parameters where
uniform y-alt states are the most stable, and investigate
the possibility of DWs between them. There are only
two possible y-alt states, and they look almost the same,
except for whether the odd sites or the even sites have
φ = +90◦. For reference, let the one with odd(even) sites
at φ = +90◦ be called the odd(even) y-alt state. A DW
between y-alt states just connects these two over some
distance.
I started with an initial condition where each half of the

system was given uniform and opposing spin directions
on the two sublattices, with inputted in-plane and out-
of-plane angles, and then connecting the odd and even
versions of these pseudo-y-alt states over one lattice con-
stant. A very small randomness was added to the initial
dipoles. Then the system underwent the spin-pointing
relaxation. Different choices of initial angles could lead
to different final configurations.
For k1 = 1.6 and b = 0.80, examples of the results are

shown in Figs. 16 and 17. At these parameters (point
C in Fig. 9, uniform y-alt and oblique states are both
possible but y-alt is lower in energy. The DWs show
a significant width here. In both examples, the odd y-
alt state is on the left side, and connects to the even
y-alt state on the right side. The difference, however,
is that the odd dipoles can start at 90◦ and then rotate
to −90◦ either by going downward through 0◦ (a CCW
rotation as viewed from the +x-axis) or by going up-
ward through 180◦ (a CW rotation as viewed from the
+x-axis). This resembles two possible choices of helic-
ity. The even dipoles rotate in the opposite sense as
the odd ones in both examples. Another interesting as-
pect is that these DWs have the same negative creation
energy, EDW = −0.0329D, which is the difference in en-
ergy of the DW state minus that of a uniform y-alt state.
The negative value demonstrates that y-alt states are not
the lowest energy configurations, and the DW state will
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FIG. 16: For the LRD model with parameters at point C in
Fig. 9), a DW with AFM local order connects the two y-alt
states. It has a negative creation energy, EDW = −0.0329D,
relative to y-alt.
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FIG. 17: For the LRD model with parameters at point C
in Fig. 9), another DW with AFM local order connects the
two y-alt states. It has a negative creation energy, EDW =
−0.0329D, relative to y-alt.

be slightly preferred at finite temperature. In addition,
the DW should be confined in the system, although any
confinement potential seems to be very flat for the DW
far from the chain ends. DWs of similar shape exist for
k1 = 1.6 at b = 0, but with a positive creation energy,
EDW = 1.218D.

I chanced upon another negative-energy DW while
trying to find oblique-to-y-alt DWs. The parameters
k1 = 1.55 and b = 0.625 make the energy per site for
oblique and y-alt states the same. Hence, I was using
those values to look for an oblique-to-y-alt DW. How-
ever, somehow the AFM ordering tendency is very strong
and the whole system is dominated by y-alt. The re-
sult is seen in Fig. 18, a very clean looking DW, sepa-
rated on the odd/even sublattices, with creation energy
EDW = −0.1245D.
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FIG. 18: For the LRD model with k1 = 1.55, b = 0.625, a DW
with AFM local order connects the two y-alt states. These
are parameters where uniform oblique and y-alt states have
equal energy per site. It was found by accident while seeking
oblique-to-y-alt DWs, which did not emerge. It has a negative
creation energy, EDW = −0.1245D, relative to y-alt.

D. DWs connecting oblique to y-alt states in the

LRD model

In the last example, I mentioned doing simulations
where per-site energies of uniform oblique and y-alt states
are the same, which should be expected to easily gener-
ate hybrid DWs between the two. For the LRD model,
the energy densities are

uoblq
D

= −2ζR − (b/2)2

3ζR − k1
,

uy-alt
D

= − 3
4ζR − k1. (73)

The y-alt’s energy is independent of b. When these are
set equal for the same k1, the required value of b results,
denoted as boa for oblique-alternating,

boa = 2
√

(3ζR − k1)(− 5
4ζR + k1). (74)

The formula applies to the limited region,

k1 >
5
4ζR ≈ 1.5026 and k1 <

17
8 ζR ≈ 2.55437 (75)

The latter constraint comes from the using oblique sta-
bility limit, b <

√

2(3ζR − k1). The numerical values
assume an infinite chain.
Setting k1 = 2.0 leads to the value boa ≈ 1.79, so

these values were applied for another simulation. The
initial condition was an oblique state in half of the sys-
tem abruptly connected to an alternating state in the
other half. The relaxed result is shown in Fig. 19. The
hybrid N = 200 system with a DW finds a tilting of the
dipoles that barely lowers its energy to E = −580.4088D,
just below the pure states. For comparison, a N = 200
system in oblique with minor end effects has energy
Eoblq = −580.2125D, while in y-alt with no end effects
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FIG. 19: For the LRD model with parameters at point D in
Fig. 9, a DW connects from an oblique state to a y-alt state.
The DW creation energy relative to a fully oblique state is
EDW = −0.1963D.
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FIG. 20: For the LRD model with with parameters at point
E in Fig. 9, a DW connects from an oblique state to a y-alt
state. The DW creation energy is EDW = −0.3027D, relative
to a uniform oblique state.

it produces Ey-alt = −579.4861D. These are not exactly
equal due to end effects. Then the creation energy is
estimated as EDW = E − Eoblq = −0.1963D.
Another similar example is shown in Fig. 20, for k1 =

2.5 and b = 2.1, where a uniform oblique state will be
slightly lower in energy than a uniform y-alt state, due to
end effects. There is a very abrupt connection between
the two states; the DW is especially narrow. Still, the
system lowers its energy very slightly by forming this
hybrid state: EDW = E − Eoblq = −0.3027D. This type
of state also can be found even if the oblique and y-alt
energy densities are not too close.

E. DWs between y-par states?

For k1 > 3.606 and zero field, or smaller k1 with mod-
erate field, y-par states with Sy = ±1 coexist with y-alt,
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see Fig. 9. The y-par states are degenerate at zero field,
implying it should be possible to form DWs between the
two. But these simulations tend to go to states with alter-
nating dipoles, not always uniformly. They do not tend
to any smooth DW connecting Sy = +1 to Sy = −1. If
one does get a DW, it is abrupt and has a width of one
lattice constant, that does not lend itself to a continuum
analysis.

VI. DISCUSSION AND CONCLUSIONS

A macrospin model is used here for a chain of magnetic
islands oriented with their longer axes transverse to the
chain direction, also with a transverse applied magnetic
field. In earlier work, the oblique, y-alt, and y-par uni-
form states were found to exist in partially overlapping
regions of a phase diagram, see Fig. 9. In this work, static
non-uniform states of this system were found.
For anisotropy and field parameters (k1, b) where two

types of uniform states are simultaneously stable, even
with different energy densities), domain walls can exist
that connect the two states. Due to the multiple choices
of stable states, there are many types of DWs possible.
They have been found by numerical relaxation simula-
tions that move the system towards local energy minima.
For DWs connecting the two oblique states of opposite

longitudinal magnetization, an approximate continuum
theory leads to a description in terms of the static soli-
tons of a ϕ4 model. The DW itself is a transition region
where the dipoles rotate over a potential energy barrier
connecting the two energy minima, which are the uniform
states. The top of the potential barrier, at the center of
the DW, coincides with the dipoles being aligned with
the magnetic field and aligned with the long axes of the
islands, minimizing those energies while maximizing their
dipolar interaction energy.
The half-width h and creation energies EDW of

oblique–oblique DWs are predicted analytically in the
ϕ4 model. The analytic results compare well to numer-
ical results found from the relaxation simulations (Figs.
14 and 15), especially for applied field b approaching the
maximum (bmax) that allows stable oblique states. That
DW half-width increases with (bmax−b)−1/2 as b→ bmax,
wherein the entire system will move into a y-parallel state
with all dipoles pointing transverse to the chain. The

creation energy of a DW, measured relative to a uni-
form oblique state, is found to increase proportional to
(bmax − b)3/2.
The predictions from the ϕ4 theory do not work if b

is far from bmax, such as in Figs. 8 and 13 for b = 0.
In these cases, the simulations indicate the existence of
DWs between the oblique states where the DW itself ex-
hibits AFM order, but the oblique states maintain fer-
romagnetic order. This surprising outcome must be a
consequence of the NN dipole interactions. They have
a strong tendency to induce site-by-site alternating or-
der into the chain to minimize that energy contribution.
The DW viewed on an individual sublattice appears to
be close to hyperbolic tangent form. A two-sublattice an-
alytic model that would include the possibility for AFM
order, not in the scope of the current work, may be able
to verify that.
The relaxation simulations also show that there are y-

alt-to-y-alt DWs (such as Fig. 16) in which most of the
system has AFM order, but modulated by a smooth spa-
tial transition where the even sites rotate from φeven =
−90◦ to φeven = +90◦ while the odd sites rotate in the
opposite sense from φodd = +90◦ to φodd = −90◦. Each
sublattice has a smooth behavior that might be analyzed
in a two-sublattice continuum limit. Surprisingly, these
DWs were found to have negative creation energy, rela-
tive to the energy of a uniform y-alt state. Once again
this is likely attributable to the strong influence of NN
dipole interactions. It implies that a uniform y-alt is not
the lowest energy configuration where it is stable in the
(k1, b) diagram of Fig. 9.
Oblique-to-y-alt DWs were produced in the simula-

tions (such as Fig. 19), also with negative creation en-
ergy relative to the lower-energy (oblique) phase. Then,
the system could exist very stably in a state with ferro-
magnetic order separated from antiferromagnetic order
by the DW. It might be possible to analyze this situation
using a two-sublattice continuum theory.
The existence of the different DWs in this theoretical

model depends particularly on the anisotropy strength
and applied field, as well the assumed perfect dipole pair
couplings. Any external perturbations could modify the
interactions and change the DW structure and stabil-
ity. Possibly, these DW configurations can be exploited
as detectors of small external influences or applied field
changes.
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