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Abstract

Many-body scattering problem is solved asymptotically when the size of the
particles tends to zero and the number of the particles tends to infinity.

A method is given for calculation of the number of small particles and their
boundary impedances such that embedding of these particles in a bounded do-
main, filled with known material, results in creating a new material with a desired
refraction coefficient.

The new material may be created so that it has negative refraction, that is, the
group velocity in this material is directed opposite to the phase velocity.

Another possible application consists of creating the new material with some
desired wave-focusing properies. For example, one can create a new material which
scatters plane wave mostly in a fixed given solid angle. In this application it is
assumed that the incident plane wave has a fixed frequency and a fixed incident
direction.

An inverse scattering problem with scattering data given at a fixed wave number
and at a fixed incident direction is formulated and solved.

Acoustic and electromagnetic (EM) wave scattering problems are discussed.
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Scattering problem

Lou() = [V2 + k2n(23(x)}u0 = [V2 + k2 - QQ(QZ)]UO =0in ]Rg

< Ovg
up = e*? £y, lim r(— — zkv()) 0, 7r:=lzf,
r—oo \ Or

Sn3(z) >0, acS?* k=-const>0.

LoG = =3z —y) in % nj(x) = 1 =k *qo(w)

qo(r) = k? — k* nk(x).
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Many-body scattering problem

M
Loup = 0in R*\ | ) Dp; Dy = B (T, a)
m=1
ou h(z,
87]37/[ = (uups on Sy, = 0Dy, (n = (@)

UN = UY + VM,

0<k<1,

a®

where N is the outer unit normal to S, and h(z) € C(D) is an
arbitrary function, h = hq + ihs, hy < 0. Let
d := ming,,2; dist (z,,, ;). We assume that:

ka <1, d>a, d=O0(?>"/53),

NA)= 3 1= a;_ﬁ/AN(a:)dm[l—l—o(l)], 0= 0.

T CA

M:Miain‘a_@_”)“ 0 <k < 1.
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M=

up () = wup(x) +m:1 /Sm G(z,t)om(t)dt
M M

= w(z) + Z G(z, Tm)Qm + Z Im.-
m=1 m=1

Qm ::/ om(t)dt, Jnm ::/ [G(z,t) — Gz, xm)]om(t)dt,

Iy = |G(z, X)) Q.
| Jm| < I |z — x| > a.
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If || < Iy, a— 0, then

M
ups(x) = up(z) + Z G, Tm)Qm, |7 — Tm| > d > a.
m=1

Define

we =l im (@)~ [ Gl (bt o= |~ a.
S77L

If |2 — 2| > a, then ue ~ upr as a — 0.

We prove below that
Qum ~ —ATUe(T) h(Zy)a® ",

The ue(zy,) are found from linear algebraic system:
M
Ue(Tr) = ug(2m) — 4ma® ™" Z G(Zm, T/ e () (2 ).

m/#m
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Formula for @,,

Apom —om

ueN - Cmue + - Cmeo—m - 0 on Sm

2
Apom :—2/ 9G(s,t) om(t)dt, Tmom :—/ G(s,t)om(t)dt.
s, ON; S,
Glep) = g 14Ol =gl o=l =0

3
3 7ra Aue(Tm) — Cm4ﬂ'a Ue(Tm) = Qm+Cm /m / m’

Aoy, dt = —/ omdt,
Sm m
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/ ds
-  —=a
s, 4mls —t|

gwagAue(xm) — AnCmte () 0% = Quu(1 + (ma).

(13[%7r Ate(Tm) — 47Ue(2m ) Cma ™!

14 (na

Qm:

If ¢ = h(;,?) , k < 1, then

Qu ~ —4mue () h(zm)a® ",

If x =1, then

i,
1+ h(zpm)

Qm ~ —4Amue(zp,)
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Formula for o,

dt Om@
- —ue+ T 2 =0
Upnr ue"‘o-m/sm 47T|.T—t| et |J)| s |='E‘ (a)
h(x h
eNn — (a,;m)ue_ m ( m)Uma—O

—K

om = 1+ h(zpy)al="

If Kk <1, a—0, then |op, ~ —h(zm)ue(Tm)a™

If k=1, a—0, then|op ~ ————— uc(xm)a

fl<k<2 a—0, then|o, ~—
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When is 1, > |J,,,|?

a27!{ a
G (@, 2m)Qml = Im ~ 55750 Im ™~ s

(2—k)/3”
G3H—22-R)/3 “

GQ—F\Z ~

a2 2R/ 5 3R22-R)/3 i 0 < 5 < 1.

M
upr () = up(x) — 4w Z G, T ) (T e (2 ) 027",

m=1

|z — x| >d, k<1.
d=0(a? /3,
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2—kK
G(x, zm)h(xm)ue(Tm)a
47 Z X, Tm)

2/{ 1
= 47r2ny Z

Tm€Ap

= U (p))| p‘(l 5:0)
E G( Dy (y®))—— Ny Ap| (1 +
4 (z y "




Lemma

Lemma. If f € C(D) and x, are distributed in D so that
o [ N@dz[t+o(v), a0
= —— x)dx o(1)], a—0,
e(a) Ja

for any subdomain A C D, where ¢(a) > 0 is a continuous,
monotone, strictly growing function, ¢(0) = 0, then

fi, 32 famdele) = [ 1N

Remark: The Lemma holds for f with the set of discontinuities of
Lebesgue’s measure zero.
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Proof of Lemma

Proof. Let D = U,/\, be a partition of D into a union of small
cubes A, having no common interior points. Let |A,| denote the
volume of A, § := max, diam/\,, and yP) be the center of the
cube A,. One has

lim Z f(zm)e(a) = lim Z Fly®)e Z 1

a—0
Tm €D y(®) €Ny Tm €N

— ] (p (p
tim 3™ £y )21+ o(1) /f

The last equality holds since the preceding sum is a Riemannian
sum for the continuous function f(xz)N(z) in the bounded domain
D. Thus, Lemma is proved.
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u(z) = up(x) — /D Gla.y)p(y)uly)dy, plx) = drh(z)N(z).

Lou := [V + k? — qo(2)]u = p(z)u(z), Lu=0.
L=1Lo—plx):=V*+k*—q(x), q)=q) +p).
n?(z) =1 -k %q(x.

k2[ng(2) — n*(x)] = p(x).




Creating new materials

Step 1.

{n*(x),nj(x)} = p(x) = k*(ng —n?).
Step 2.
Given p(x) = p1 + ipe, find {h(x), N(x)}.

Here h(x) = hi(z) + iha(x), N(x) > 0, ha(z) < 0.
We have p(z) = 4w N(x)h(x). Thus,

There are many solutions, because N(x) > 0 can be arbitrary.
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Ap a P X (]!.]7

Embed
small particles in A, where [, A, = D. We assume that

G =20 for all 2, € A,

The dlstance between neighboring particles is d = O(a%).
Theorem. The resulting new material has the function n?(x)
as its refraction coefficient with the error which tends to 0 as
a— 0.

Remark. The total volume V), of the embedded particles in the
limit a — 0 is zero, provided that k > —1:

Vp = hm O(a®/a*") = lim O(a'™) = 0.

a—0
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Spatial dispersion. Negative refraction

u o= Y a(k)e Wk —F 4 |w(k) — (k)] < 6
k

vy = View(lk]), vy = % k0.
k w?n? wn
k=K"= —; = k> = = |kl

Vilk R
n  won
- = = k0.
[c + c &U]ka

{vg = —const -v,, const >0} <= negative refraction.
on
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If w>0, w=uw(|k|), then

Vp " Vg = (|k’)m<0

provided that

(k] < 0.
Viw([k]) = o' (|k])E.
Viw(|k]) - vp :W/(W)m-
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Inverse scattering with data at fixed energy and fixed
incident direction

IP: Given f(3) € L?(S?), a € S?, k>0,ande >0, DCR3 (a
bounded domain), find ¢ € L?(D) such that

1F(B) = A(B) |l 2(s2) < e (2)

This problem has infinitely many solutions.
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Claim 1. The set { [}, e *7"h(z)dz}yper2(p) is dense in L2(S?)
Corollary 1. Given f € L?(S?) and € > 0, one can find h € L*(D)
such that

1 ,
I1£5)+ 3= [ e hia)da] < e

Claim 2. The set {q(2)u(z,a)}yser2(p) is dense in L*(D).
Corollary 2. Given h € L?(D) and € > 0, one can find ¢ € L?(D)
such that

[h(z) = q(z)u(z, o)l 2(p) <€

Since the scattering amplitude

1

AB) == /D e~ (1) da

depends continuously on h, IP is solved by Claims 1,2.
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Proof of Claim 1

Assume the contrary. Then 3 ¢ € L?(S?) such that

_ e—ik‘ﬁw 2)dx 2 )
0= [ @) [ e nadn vhe 12(D)

Thus,
/ dBy(B)e 0T =0 Ve R
S2

Therefore,

/ dAN? / dﬁe‘i’\ﬁ'””w(ﬁ)L;k) =0 VzeR3
0 S2 ]C
By the injectivity of the Fourier transform, one gets

(AN —k
I/J(ﬁ)(kg) = 0.
Therefore, 1)(3) = 0. Claim 1 is proved.
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Proof of Claim 2

Given h € L?(D), define

) eik“xfyl
u:uWiégwwW@M% v (3)
_ =)

If ¢ € L?(D), then this g solves the problem, and u, defined in (3),
is the scattering solution:

u=1up— /D 9(z,y)q(y)u(y)dy, (5)
and .
AB) == [ i)
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If ¢ is not in L?(D), then the null set
N :={z: x € D, u(z) =0} is non-void. Let

Ns:={z: |u(z)| < d,z € D}, Ds:= D\ Ns.

h, in Ds,

Claim 3. dh; :{ 0. in N
) o

such that [|hs — hlr2(py < ce,

g5 = %’ in Ds, qs € L2(D), wus:=up— [ ghsdy
' 0, in Ny, ’ ’ D ’

Proof. The set N is, generically, a line

l={z:ui(x) =0, uz(x) =0}, where u; = Ru and uy = Su.
Consider a tubular neighborhood of this line, p(z,l) < 4. Let the
origin O be chosen on [, s3 be the Cartesian coordinate along the
tangent to [, and s; = u1, s2 = ug are coordinates in the plane
orthogonal to [, sj-axis is directed along Vu;|;, j =1,2.
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The Jacobian J of the transformation (z1, z2,x3) — (s1, S2, S3) is
nonsingular, |J| + |7 | < ¢, because Vu; and Vuy are linearly
independent. Define

h, in Ds,
hs := { N =5 U§ = Uy — fD 9(x,y)hs(y)dy,

0, in Ny,
@a in D(S,
gs == Y
0, In N(g.
One has us = ug — nghdy—l—ng(x,y)(h— hs)dy,
lus(x)| > |u(z)] / L 1(9) €D ax [h(x)|
ug(x u(z)|—c - — , T , ¢ =max |h(z)|.
J - N Ar|x —y| — J zEN;

If one proves, that I(0) = 0o(d), § — 0, Va € Ds then
gs € L*°(D), and Claim 3 is proved.
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Claim 4:
I(6) = O(5?|In(8)]), & — 0.

Proof.

Cly c20
e W B A e =
N |z — y| N !y| pe+ 83
c20 c20 1
:cl/ pln(33+\/p2+s§)\(1)§63/ pln (p) dp
0 0

< O0(6%| In(9)]).
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The condition |Vu;|; > ¢ > 0,5 = 1,2, implies that a tubular
neighborhood of the line I, N5 = {z : \/|u1|? + |uz2|? < 6}, is
included in a region {z : |x| < c2d} and includes a region

{z : |x| < 40}, This follows from the estimates

chp < |u(@)| = [Vu(§) - (z = | < cap.

Here £ € [, x is a point on a plane passing through ¢ and
orthogonal to I, p = |z — £|, and § > 0 is sufficiently small, so that
the terms of order p? are negligible,

¢z = maxeer [Vu(§)], ¢y = minger [Vu(£)].
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Calculation of & given f(3) and € > 0

1. Let {¢;} be a basis in L*(D),

n

hn = Z Cg-n)(ﬁj,
j=1
1 .
Y (B) = —M/Delkﬁ“gtj(a:)dx.
Consider the problem:
1£(3) = >~ §45(8)|| = min. (6)
j=1

(n)

A necessary condition for (6) is a linear system for ;-
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2. Analytical solution:
D={z: |z|<1}:=B,orBCD, h=0in D\ B.
One has:
(—1)+1 fim 1<L

i = Vg ®) (7)
0, l>1L,

where g,,., (k) = [} ##*2J, (kz)dz (Bateman-Erdelyi book,
formula (8.5.8))
and L is chosen so that

Z ‘fl,m‘Q < 62'

I>L
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Problem formulation

V x E=iwpH, V xH=—iwe(z)E inR3,

where w > 0, u = const, €(z) =e>0in D'=R3\ D, ¢€(z)=
e(x)—l—i@; o(x) >0,€(x)=e>0in D' =R3\ D.

_ VXE

VxVxE=K(x)E, H , , K2(z) == w?¢ (x) .
iwht

E(z) = Eo(z) + v, Eo(z) = Ee*™, k=

1
vT—ikzv:0<>, a-€=0.
r
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Basic equations

—~AE+V(V-E)—k*E —p(x)E =0, p(z) := K*(z) — k* (8)

V- (K*(2)E) =0 (9)
B _ VK%(z)
~AE — k*E — p(x)E - V(q(z) - E) =0, q(x) := K2)
£=Eo+ [ o) (s0)EW) + V,(a0) - EW) )
etklz—yl
g(z,y) = m

Assume ¢ =0 on S =39D. Then

B = Ey+ / g(z, ))pW) E@)dy + Vs / oz, 9)aly) - E(y)dy.
D D
(10)



Equivalence result

Lemma Equation (10) is uniquely solvable in H!(D). Its solution
satisfies (8) and (9)

Proof. If E solves (10), then

(=A - k*)E = p(x)E + V(q(x) - E). Thus,

VxVxE-V(V-E)-V(qz)-E)=K*z)E,

orVxVxE-— V<K2(aj)V§2+(Z)K2(J;)E) — KQ(ZU)E Let

K%(gc)v - (K?(2)E) := 1 (z). Then
—Ap—K*(z)p =0, K* = k%in D', ImK* > 0, ¢, —ike) = 0 (i) :

This implies 1) = 0.
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Wave scattering by one small body

Let z,, € D, ka < 1, a = 0.5 diam D. Then

E(z) = Fo(x) + (2, m) /

+ /D [9(z,y) — g(ﬂrywm)]p(y)E(y)dyﬂLV.z/D [9(z,y) — g(z,2m)]q(y) - E(y)dy

=FEo+ En(z) = Eo + g(x,2m)Vin + Veg(Z, Tm)Vm.

p(Y)E(y)dy + Vaeg(x, Tm) /D q(y) - E(y)dy

Vom Am v o (1 - am)VDm + B - Vom
T (1= am) (1= bm) = B A

Vi =

T 1l—am 1—am

Vo = /D p(2) Bo(w)dz, am = /D P(@)g(e,30)de A= [ pla) Vgl )i

D

Vom ::/Dq(;c)Eg(x)dx, B ::/Dq(x)g(x,:cm)dx, bm ::/Dq(x)-vzg(x,:cm)dx.

Erroris O (ka + %).
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Many-body scattering

M
E(z) = Eo(x)+ Z [g(:v,xm)Vm—i-Vzg(x,xm)um] +0 (k:a 4 %) ’

m=1

inf,, |z — x| > d > a.
Lemma.lf f € C(D) and

N(D) = S0(1a)/sz(a:)da;p+o(1)], 0@ =0,

for any subdomain A C D, where ¢(a) > 0 is a continuous,
monotone, strictly growing function, ¢(0) = 0, then

liny 37 Flaneta) = [ fa)
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Let D,, be a ball, centered at z,,, of radius a. Let p(x) = p(r) in
Dy, 7= |2 — 2|, © € D, p(z) =0in D\ UM_, D,,,

p(r) =22 (1—-t)% t=L, 0<Kk<3.

jm fD pdy = 7’8 a3~ “, Ym = const we can choose.

Zm fD Kgpf?)dy 25631 aV - Ely—g,,[a + 0(a)],a — 0.
Thus,

a — 0, and, taking ¢(a) = a®~*, one gets

E(z) ~ Eo(z)+é(a) Zg(x,xm);—g’Ee(xm), 2= 2| > a, (11)

Ee(tm) = B = Eo(@m) + X o Bov (Tm)-
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The limiting case

Ba) = Ea(o) + [ oo POEWy, Pl) = "0 N o).

(V2+k)E + P(2)E =0,
(V2 + K2(2)]E =0, (12)

K%(z) = k?> + P(z) == k?n%(z), n®(z) =1+ Lk 2P(2)
K%(z) = w?ép.
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Interpretation

a) VxVE = K2E + wnd,

— VV E 1 9?
J:=0cF = w0 0= 0ij = G Bm0m;

b) D(x) = €E(zx)+ [, x(2,y)E(y)dy (non-local susceptability)
VXxE= zw,uH
V x H = —iweE —iw [, x(x,y)E(y)dy.
If x(z,y) := ﬁv d(x —y)Vy, then
VxVxE=K)2)E+J, J:=YYE

wp
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Spatial dispersion and negative refraction

w
vy = Viw(K), = K K| = K. (13)
Negative refraction:
Vg - Upp < 0 (14)
wn(z,w) = c|K]| (15)
0
vg(n—i—w%) = cK°. (16)

If n —i—wg—z < 0, then (14) holds. n? =1 + k= 2P(z,w).
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